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e roble o c aracterizing i tures o distributions o  ar ov c ains
as been studied in de t by Freed an a, b, , laconis and
Freed an a, b and, in t e case 0 nite se uences, by a an
, For ¢ ains on a countable state s ace , one o t e aor
results attained is t at t e distribution o a recurrent ¢ ain isa i tureo
distributionso ar ovc ainsi and onlyi t e sa e distribution satis es a
ar ov invariance condition, i e isinvariant it res ect toall er utations
ic donot altert enu ber o transitions ro to , atever and in
ay be allenberg considers ¢ ains on ore general state s aces
and obtains ¢ aracterizations or i tures o distributions o ar ov ¢ ains
in ter s o a condition o invariance under sto ingti ess its
e istory o c aracterizations o i tures o distributions o  ar ov
¢ ains dates bac to de Finetti , o or ulated t e ollo ing con
ecture See also in de Finetti Given any valued rocess,
starting ro a distinguis ed state, assu e t at all states are to be visited
in nitely o ten Let bet e ositiono t e rocessi  ediatelyatert e
t  visit to is rando atri is said to be i,and
only i, its distribution is invariant under nite er utations it in ro s
See de Finetti e Finetti inted at t e ossibility o roving t at
artial e ¢ angeabilityo t e atri is necessary and su cient or a recur
rent rocess to be re resented inla asa i tureo la so ar ovc ains
e subse uent c aracterizations entioned above de art ro t e orig
inal or ulation o de Finettis con ecture, since t ey s i t e relations i
bet een i tureo distributionso ar ov c¢ ains and artial e ¢ angeabil
ity o n order to avoid ter inological a biguities, it is ort recalling
t at iaconis and Freed an a use t e ter artial e ¢ angeability
to designate t eir ar ov invariance condition ore recently, t e atri
as been considered in abell is aut or does ocus on a e
ro ertieso t e s by resorting tot e ain result o iaconis and Freed
an, but e does not actually linger on t e ossible connection entioned
by de Finetti For t ese reasons, e avet oug t it t to ta e u again
t e c aracterization o 1 tures o distributions o ar ov ¢ ains according
to de Finetti s original re ar s us e ave been induced to analyze t e
relations i s bet een artial e ¢ angeability o  and ar ov invariance in
t e sense o  iaconis and Freed an, on one and, and, on t e ot er and,
to e tend t e analysis to general state s aces



esetu o t e a erisas ollo s Section deals it t e case o
a discrete state s ace e r1st rovide a roo o de Finettis con ecture,
and t en analyze t e relations i bet een Freed an condition and artial
e ¢ angeability o t e atri e results contained in t is section can
also be used to reobtain t e ain result in iaconis and Freed an a
n Section  ee tend t e results o Section to any state s ace, obtaining
a co lete c aracterization or 1 tures o la s o ar ov c ains aving
ato ic ernels,ie ernels it countable range inso es ace o robabil
ity easures ,eg, u elin , Section Section includes
also so e ints at t e ossibility o a ro i ating any i tureo la so
ar ov c ains it ato ic ernels Section concludest e a er it a
e co ents ocusing on so e inter retative statistical issues suggested by
t e revious results

Let be a robability s ace, be a countable set endo ed it its
o er set algebra , and let be a discrete ti e  valued
stoc astic rocess de ned on 0 any suc rocess one can associate its
1, ere ist evalue o t e rocess successor
state 1 ediately ater t e t visit to state n order to avoid aving
ro s o nite lengt , e introduce a ne sy bol and, i a state
is visited only a nite nu ber o ti es , e ut or 1
te ,ont eot er and, are valued e aint eore o t e resent
sectionist att ela o isa 1 tureo distributions o recurrent ar ov
c ainsi and only i t e atri is artially e ¢ angeable t turns out
t at to obtain uni ueness o t e 1 ing easure, one as to enlarge t e
state s ace to * and consider i tures o la s o ar ov
c ains on state s ace * n any case, it is assu ed t at
Let *bet esubset o transition atriceson * or ic  is an absorbing
state,e ui ed it t e orel algebra ic corres onds tot e to ology
o ele ent ise convergence, and let us rite ort e ele ent o
t e generic in * n order to avoid conditioning on t e initial state o
t e rocess, eassu et at starts in a s eci ¢ state nt eco on



treat ents o  ar ov c ains on a countable state s ace, it is custo ary to
dro t osestates ic arenot accessible ro t einitialstate nt e resent
setting, t is is no longer easible, since t e di erent transition atrices in
t e 1 ture ay ave di erent sets o accessible states et, as ar ast e
distribution o a ar ovc ainora 1 tureo ar ov ¢ ains is concerned,
t e transition robabilities ro any inaccessible state are totally irrelevant
seealsoE a le ere ore, in order to ac ieve uni uenesso t e 1 ing

easure, one needs to en orce so e restrictions on its su ort  onsider a

easurable set o *suc t at or every t ere is a set *
satis ying

i and

it in t e setting o eore belo | can be vie ed as t e set o
t e states t at are accessible to a ar ov c¢ ain starting at and  ose
evolution is regulated by t e transition atri

T

Roug ly s ea ing, t et eore sayst at is arecurrent ar ov c¢ ain,

conditionally on its rando transition atri , i and only i its atri
is artially e c angeable € T00 O eore can be deduced ro
eore in iaconis and Freed an a,a lyingt eresultso t e
ne t section, ic states t e e uivalence bet een artial e c angeability
0 and t e assu tions ade by iaconis and Freed an o ever, e
t in t at a oreele entary and direct roo, ast e one given belo , ay
be o so e interest Given any 1 and 1 in L

rite 1 1 i and t et o vectors contain



t esa enu ber o transitions ro to orany and in Le a
belo illbeusedint e roo o eore ts eaningis clari ed by t e
ollo inge a le

E Let and 1
onsider t e set o all se uences 1 suc t at 1
1 , and observe t at a atri is consistent it t isseti and
only i 1 ) ) ) y 11 1 )
1 , 1 nterc ange and and describe t e set o all se
uences 1 ic are consistent it t e ne atri is set
consists o all se uences 111 ,and t e longest
string deter ined in a uni ue anner by t e ne atri  be
longs to ! 1 nteot er and, all er u
tations o any ro , ic leave and ; unc anged, be ave ot er ise
For instance, t e set o all se uences 1 ic are consistent it
a atri suc t at , , ,
11 - - 1 is t e set o all se uences satis ying
1 1 , and t is vector is a arently
e uivalent to 1
1 1
a 1
11
b
1
1 1
11



t su ces to rove b, since a is obvious o generality is lost
by assu ing t at , ere could be di erent ro eac e
ne 1 ; to bet e longest string deter ined by t e array
1 See E a le
First e rovet at 1 n act, i 1 , e ould ave
1 it since
us,  ould contain ter s ,a agrant contradiction
en en 1 , and vectors avet esa e
nu bero s
o e avetoe tend t e last assertion to all ot isai de ne
to be t e set o all satis ying I it
us,1i so e does not belong to ,t ereis in suc
t at a , ic entails 1
Since t ere is suc t at , t en 1
contradiction ere ore, or any , too us, and
1 1 [

Let us rovet e i art o t et eore rst onsider t e events

it , 1 .1 , in %, a er utation
o , Since a and b i lyt at no state can be
visited by a nitenu ber o ti esonly, or every

as
1 1

and e can li it ourselves to consider in orall and oreover,
t ere is no loss o generality in assu ing t at n
t is case t ere is a countable set o air ise dis oint events o t e ty e
1 1 suc t at and, by a o

Le a ,eac ad its an e ression inter so ele entso t e
atri  Let bet eresult o t ea licationto o t e er utations



ic a into en , it i
Fro b o Le a , eac ad its a uni ue re resentation o t e
ty e 1 1 it 1

1 us

o rovet e onlyi art, let  be t e degenerate robability easure
de ned by , * y de Finetti s re resentation t eore or
artially e ¢ angeable rando variables e ave t at, or every ,

| — as
1

eret eli it a earingint elet and sideisint e to ology o ea
convergence  oreover, conditionally on , t erando variables
are inde endent it

or every , 1 , 1 , and in e ne by

setting or every in en,as



ere are t e distinct ele ents o o rove b, it
isenoug tos o t ati is artially e ¢ angeable, t en  is a recurrent

state e ave t e inclusions io ¢
ere ore
1 1
unless ence, al ost surely n orderto rove c,

de ne tobet eintersection o t et ree sets

i and ,t en
i , t en
ere ist e ste transition e set is easurable and, it
, 1t satis es Fro t e de nition o
and art b, one can easily see t at belongs to al ost surely O
Since in  eore t e distribution o is deter ined by t e values o
or only, one ay onderi it ould be ossible to obtain an
analogous result considering a rando transition atri ro to  instead
o * eea lebelo s o st at uni ueness is not guaranteed in t at
case
E Let , and let bearando transition
atri on *,  ose distribution is de ned by
1 1
ere and t e su ort o is included in it

Su oset at



or every and in ne can de ne anot er rando transition
atri 7 as ollo s

i , and
1 .
ot er 1se
ere is any rando variable de ned on it su ort included
in e distribution o ; is
1 1 1 1
ere ; ist e distribution o onsider t o orel sets ;and o
and t e events 1 1 and 1 enoting
it t e nu ber o transitions ro to int e string 1 ,
one as
1 11 1 1 1 d
1 d
11 1
1 d
11 1
1 I 1
d
11 1 11 1
1 1 1 I 1
1 1 1
1 1 1
is roves t at
1 1 1 1 11 1 1 1 as
ote t at al ost surely io io 1
ence t e re resentation o as a recurrent ar ov ¢ ain conditionally on

its transition atri is not uni ue e uni ue rando transition atri



on o) eore isin t 1is case

O
e valued rocess , de ned on , is said to obey
i
enever , nt e resent subsection
e give a detailed account o t e relations i s bet een Freed an condition
and artial e ¢ angeability o t e atri o e ain result is t at
t e latter is a stronger conditiont ant e or er,butt et o aree uivalent
under t e assu tion o recurrence e ore roceeding e need anot er
de nition For any , let io esay t at is
i
as
or every and in ny state is visited by a strongly recurrent
rocess eit er in nitely any ti es, or never e ter recurrent ill de
note a rocess satis yingt e ea er condition , ic under our

assu  tions can also be ritten as
R eit er one o t e conditions

a is artially e ¢ angeable,



b is strongly recurrent,

is satis yed, t en or every

as

e 100 0 t et eore 1is set out as a se uence o le as t e rst
t o rovet e onlyi art, ilet ere ainingt o rovet e i  art

onsider t e event 1 1 1 1 ntis
event, al ost surely, t e ro s o corres onding to contain no
, ence t ose states are visited in nitely any ti es  arginalization over
t e value o 1 gives t e result O
onsider 1 1 and let bet e
distinct ele ents o 1 1 ent eree ist , in
and er utations 1 suc t at
1 1
11
1 1
11

Since t e robability o t e events on t e rig t and sides are e ual, t e
clai  ollo s 0

singRe ar ,t e ainargu entusedint e roo ot e i  art
0 eore carries over to t e resent setting 0



Since ,t e tooote i arto eore can be

ara rasedtos o t att erando ele ents 1 are e ¢ angeable
us, letting 1 and using antellile a, ecan rite
1 1 1 1
1 I
| 1 1 1 io0
1 1 110
1 1 110
ic i lies 1 1 110 , a8 ereore, t e
de nition o strong recurrence is satis ed it Su ose, inductively,
t atit olds ora ed but arbitrary ositive integer onsider 1
suc t at 1 1 Let 1
1 1 1 and en under
t e rocess starts at at ti e zero and
. 1 1
io
1 1

by t e inductive y ot esis oreover, 1 ,
t en and

ence, under ,
is recurrent and satis es Freed an condition Fro t e rst art o
t e roo,one ast at 1 1 1 1 , a8

isi  liest at 1 1 1 1 1 1 1
1 ]

tisnot di culttos o t at it out recurrence, artial e c angeability
o is stronger t an Freed an condition For e a le, let ,

, and let satisy or and 1
1 1 en Freed an condition is
satis ed, but t e atri o is not artially e ¢ angeable, since



Fro eore and t e e uivalence result o t e resent subsection,
one can easily reobtain t e ollo ingresult o iaconis and Freed an

T D F
10
a is recurrent rt
b 1
1 1 1 1 d

re resentation t eore analogous to t e one resented in Section can
be given also in t e case 0 a rocess it continuous state s ace e start
by revie ingt e de nitions contained in t e beginning o t at section, od
iyingt e asneeded int e ore general setting Let be a Polis s ace

it  orel algebra oreover, let * , it , and let
*bet e algebra generated by and is an  valued
discrete ti e stoc astic rocess de ned on , it or so e

n order to e loit de Finettis t eore or e ¢ angeable rando
variables, e consider a discretization o t e state s ace  ccordingly, t e
de nitiono t e atri o t e rocess asto beslig tly generalized on
sider a countable easurable artition o ¥, , it ,
and assu e, it out loss o generality, t at 1 For any ositive integer

, consider t e se uence 1 0 Visiting ti es o to and, or and
in ,de net e ele ento t e atri o t e rocess , relative

to ,tobet e valueo i ediately atert e t visit to

1

s edidin Section , e ut enever Let *bet eset
o all ernels ro to *,endo ed it t es allest algebra



tat aesallt e as , , *, easurable ne can

associate to any ele ent o * a transition ernel on * by setting

I
n order to ac ieve uni ueness o t € i ing easure in  eore , €
restrict its su ort to a easurable set * o transition ernels or
ic t ereis a set satis ying
7
i and
i
T
*
a 1 1
d 1 d 1 d
b 1 io
¢

e 100 0 t et eore 1is based ont ree le as, essentially dealing
it various ro ertieso t e discretized version o t e rocess de ned by

I

otet at t e results o Section a lyto ,andt e se uences o visiting
ti eso to and o to state coincide or every

a eore



t isenoug to consider 1 1
e ave

1 1 1
d d 41 1
1 d 1 d
d d 1 1
d 1 d 1 d
1
* a eore
1 1

rite t e event above as

1 I
1

a eore

11 11 11
11 11

11
singlLe a andLe a , e avet at

11 11 11

11 11 11

11 11 11



e result is obtained by iterating t e rocedure O
e are no ready to rove  eore

e rovet e onlyi art rst ydeFinettisre re
sentation t eore or artially e ¢ angeable rando variables e avet at,
or every ,

i — as
1
oreover, conditionally on , t erando variables are inde
endent it
11 11
or every 1 1 in , and in e ne by setting
or every in o rove a assu e, it out real loss o
generality, t at or so e integers 1 1 are t e
distinct ele ents o 1 ,t eevent 4 1 can be
e ressed as 1 1 a or so e integers
and ere ore,
1 1
1 1
d 1 d 1 d
al ost surely is roves a Part b and ¢ can be obtained ro b
and ¢ o eore a lied to t e discretized rocess
o rovet e i art, observe t at, given , is a recurrent ar ov
c ain it transition robabilities , eore
can be invo ed tos o t att e atri o is artially e ¢ angeable

is, toget er it Le a ,concludest e roo0 o t e i art O



e results roved in t e revious subsection can be e tended tot e ore

general setting o a stoc astic se uence de ned on

, ere , taevaluesin and ,res ectively ere, 1
is eant ast e se uence o visiting ti es o to ,and t e ele ent
ote atri o ist e value o i ediately atert e t visit
0 to 1, it t eusual rovisot at Fort esa e
o si licity, e ee t e y ot esist at ,and e 1ill ocus on

robabilities  satis ying t e ollo ing conditions

ii and 1 1 are conditionally inde endent given
, Or every ,and and are conditionally inde endent given

iii t ereisa ernel ro to suc t at
olds as or eac , it or every and
Preserve t e de nition o * given in Subsection and, or eac *

*

introduce t e ollo ing transition ernel on

o avet e ay or an e tension o eore ,assu et at t ereis a
* valued rando ele ent suc t at

1 1
1 d
1
olds orevery in * in and in tcanbes o n
t at t ere is a countable class o0  easurable, air ise dis oint subsets o
1 suc t at oreac in and or all

1 , or every



nvie o t esere ar sandin order to ac ieve uni uenesso t e

easure also in t e resent setting, consider or eac

set * * 0 transition ernels or @ ic
and a set  satis ying

iing
a easurable
t ere are easurable set

G ’ ’ bl
G or every in
G i

y ara rasingt eargu entse loyedint e

revious subsection, e
obtain t e ollo ing ro osition

T 1
i1
111 *
a 1 1
* dl*ld * 1d
b
¢ * * G G
a %
1 1
1 d

iiil



eo itt e roo o tisresult tis rovided int e un ublis ed rst
drato t e resent a er See Fortini
Su oset att e assu tions o t e second art o eore are in
orce t is easy to veriy t at a ossible c oice o t e valued rando
se uence ist e ollo ing Let 1 be a se uence o inde endent
rando variables on it co on unior distribution on
For every de ne

1 1
ot er ise

ere

. . . . . d .
and is a version o t e Radon 1 ody derivative ——— ta ing values
in enever

Let denote a convergence deter ining class see Section
in illingsley and let  denote a se uence o countable artitions o
1 , it or every and ,
suc t at 1isare ne ento or every oose or every
and o ,su oset at isany i tureo distributions o
valued ar ovc ains ic aveinitial state ,ie d
ere is so e robability s ace and, or any in , ist e
distributiono a ar ovc ain it initial state and transition robability
suc t at or every nt ese uel, e ill assu e
t at and set or every gain, given any and

, e illde ne enever
and indicate by t e ar ov distribution on it initial state

and transition robability
eore roves t at, in t e resence o so e additional conditions
or , can be a ro i ated by d int e
to ology o ea convergence



a
b su su
a b
¢ 1
us, any i ture o distributions o  ar ov c ains, ic satisy a
c,can bet oug t o ast eli itingla o a se uence o rocesses
ic yield artially e ¢ angeable atrices it res ect to suitable
artitions o
eore roving eore , erecall asi le act about condition c
isa ar ovc ain it initial state  and transition robability
,t ent ese uence , de ned by
I
or any ,isa ar ovc ain it states ace 1 , initial

state  and one ste transition robabilities
ence, condition c is e uivalent to recurrence o

nvie o ell no nresults on ea convergence on

roduct s aces, it su cesto rovet at 1 1
as , Or every 1 in , orevery and or
al ost all recallt at is countable n act, or , t e state ent
olds true o ,su oset atitisvalid orso e en,
1 1 1 1
d 1 d 1 1



d 1 d 1

e or er addend is a orized by su 1 1,
ic , by b, converges to as , and t e latter one converges to
ro t e inductive y ot esis and condition a us, by t e

induction rinci le
o conclude t e roo, it is enoug torecall t at ¢ i lies recurrence
0 , oreac ,and,t en,invo e eore [

t isnot di cult to conceive di erent versions o t e revious ro osition

Fore a le,su oset att ereis a nite easure on suc t at

or al ostall and or al ostall , and indicate by

, versions o t e derivatives o , , 1t re

s ect to , res ectively en, assu tions a and b in  eore could
be re laced by t e sole condition

a d

n act,su oset att einductive y ot esis

1 1 1 1 d d
is valid en,
1 1 1 1 d g d
1 1 d d d
1 1 1 1 d d

e or er addend converges to invie o a andt e do inated con
vergence t eore , ile t e latter goes to zero by virtue o t e inductive
y ot esis



E sana licationo t e revious state ents, considert e case

o a 1itureo ar ovla s it state s ace , initial state and
transition robabilities —L_e —d enever
and or every t is easy to veri y conditions a and
C en y 1 y s y
1 ; 1 ; ¢
1 , , , s a atter o act, or any
ed and su ciently large , t ere e ists Lsuc t at
ere ore,
d b e — e d
! — 1 1
as , ere ist e cu ulative distribution unction o t e Gaussian
la it ean zero and variance
Finally,to rovet at c olds, de ne 1 and observe
t at, in our resent case, as a nite state s ace and strictly ositive

one ste transition robabilities

ccording to de Finetti, e ¢ angeability and artial e ¢ angeability lay an
i ortant role in t e reconstruction o t e ayes La lace a roac to in
duction and statistics ro t e sub ective stand oint n de Finettis vie ,
statistical in erence ust con ne itsel to considering ob ective y ot eses

on so et ing t at can actually be observed is condition is necessary or
t e rase tolearn ro e erience to ave areal eaning en a lied
to statistical et ods ere ore e suggests tore lacet e notion o condi

tionally inde endent and identically distributed observations, given t e un
no nco on arginal distribution it t at o e c angeability nt e
sa es irit, t e notion o observations ro a ar ov c ain, given t e un
no n transition ernel needsto bere laced by anot er involving observable



events only, it out any re erence to eta ysical entities suc as un no n
transition ernels or un no n robability la s Partial e ¢ angeability o
t e atri is suc a condition n actt eele entso t e atri are
observable and eore s , and establis t ee uivalence it t e usual
ayesian or ulation oreover,t et reet eore ss o t att e riordis
tribution o t e transition ernel is deter ined by t e li iting distribution
o t ee irical rocesses associated tot ero so is suggests t at to
elicit a rior distribution on t e unobservable transition ernel one can t in
o t e distribution o t e observable e irical rocesses ent enu bero
observations is large
Fro a ractical oint o vie , artial e ¢ angeability o t e atri
ay be assu ed  enever one considers t e last outco e be ore any obser
vation as a relevant attribute o t e observation itsel and, in addition, once
observations are classi ed according to t is attribute, ti e order beco es ir
relevant n articular, in t e situation discussed in Section ,t e in uential
attribute o eac observation is nott e actual valueo t e receding outco e,
but a its belonging to one o t e ele ents o a distinguis ed artition o

t e s ace state see Subsection or, alternatively, b t e deter ination
o so e rando ele ent associated it eac observation , or every
, rovided t at eac as countable range see Subsection
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