ON MIXTURES OF DISTRIBUTIONS OF MARKOV CHAINS!

by

Sandra Fortini®, Lucia Ladelli®, Giovanni Petris®
and

Eugenio Regazzini®

@ IMQ-Universita “L. Bocconi”, Milano, Italy.
b Dipartimento di Matematica “F. Brioschi”, Politecnico di Milano, Italy.
¢ Department of Mathematical Sciences, University of Arkansas, Fayetteville, AR, USA.

¢ Dipartimento di Matematica “F. Casorati”, Universitd degli Studi di Pavia, Italy.

Abstract

Let X be a chain with discrete state space S, and V' be the matrix with entries
Vin, where V; , denotes the position of the process immediately after the nth visit
to 7. We prove that the law of X is a mixture of laws of Markov chains if and only
if the distribution of V' is invariant under finite permutations within rows (i.e., the
Vins are partially exchangeable in the sense of de Finetti). We also prove that an
analogous statement holds true for mixtures of laws of Markov chains with atomic
kernels. Going back to the discrete case, we analyze the relationships between
partial exchangeability of V and Markov exchangeability in the sense of Diaconis
and Freedman. The main statement is that the former is stronger than the latter,
but the two are equivalent under the assumption of recurrence. Combination of
this equivalence with the aforesaid representation theorem gives the Diaconis and
Freedman basic result for mixtures of Markov chains.

MSC: Primary: 60G05. Secondary: 60J05, 62A15.

Keywords: Markov exchangeability (in Freedman’s sense); Matrix of successor
states; Mixtures of laws of Markov chains; Partial exchangeability (in de Finetti’s
sense).

!Research partially supported by MURST, Programma, di Ricerca: Processi stocastici,
calcolo stocastico e applicazioni. (1999)

* Corresponding author. Dipartimento di Matematica “F. Casorati”, via Ferrata, 27100
Pavia, Italy.
E-mail adress: eugenio@dimat.unipv.it



1 Introduction

The problem of characterizing mixtures of distributions of Markov chains
has been studied in depth by Freedman (1962a, 1962b, 1996), Diaconis and
Freedman (1980a), (1980b) and, in the case of finite sequences, by Zaman
(1984, 1986). For chains on a countable state space S, one of the major
results attained is that the distribution of a recurrent chain is a mixture of
distributions of Markov chains if and only if the same distribution satisfies a
Markov invariance condition, i.e. is invariant with respect to all permutations
which do not alter the number of transitions from 7 to j, whatever ¢ and j in
S may be. Kallenberg (1982) considers chains on more general state spaces
and obtains characterizations for mixtures of distributions of Markov chains
in terms of a condition of invariance under stopping times shifts.

The history of characterizations of mixtures of distributions of Markov
chains dates back to de Finetti (1959), who formulated the following con-
jecture. See also Ch. V in de Finetti (1937). Given any S valued process,
starting from a distinguished state, assume that all states are to be visited
infinitely often. Let V;, be the position of the process immediately after the
nth visit to ¢. This random matrix is said to be partially exchangeable if, and
only if, its distribution is invariant under finite permutations within rows.
See de Finetti (1938). De Finetti hinted at the possibility of proving that
partial exchangeability of the V-matrix is necessary and sufficient for a recur-
rent process to be represented in law as a mixture of laws of Markov chains.
The subsequent characterizations — mentioned above — depart from the orig-
inal formulation of de Finetti’s conjecture, since they skip the relationship
between mixture of distributions of Markov chains and partial exchangeabil-
ity of V. In order to avoid terminological ambiguities, it is worth recalling
that Diaconis and Freedman (1980a) use the term partial exchangeability
to designate their Markov invariance condition. More recently, the matrix
V' has been considered in Zabell (1995). This author does focus on a few
properties of the V; ,s by resorting to the main result of Diaconis and Freed-
man, but he does not actually linger on the possible connection mentioned
by de Finetti. For these reasons, we have thought it fit to take up again
the characterization of mixtures of distributions of Markov chains according
to de Finetti’s original remarks. Thus we have been induced to analyze the
relationships between partial exchangeability of V' and Markov invariance in
the sense of Diaconis and Freedman, on one hand, and, on the other hand,
to extend the analysis to general state spaces.



The setup of the paper is as follows. Section 2 deals with the case of
a discrete state space. We first provide a proof of de Finetti’s conjecture,
and then analyze the relationship between Freedman condition and partial
exchangeability of the V-matrix. The results contained in this section can
also be used to reobtain the main result in Diaconis and Freedman (1980a).
In Section 3 we extend the results of Section 2 to any state space, obtaining
a complete characterization for mixtures of laws of Markov chains having
atomic kernels, i.e. kernels with countable range (in some space of probabil-
ity measures). Cf., e.g., Nummelin (1984), Section 4.2. Section 3 includes
also some hints at the possibility of approximating any mixture of laws of
Markov chains with atomic kernels. Section 4 concludes the paper with a
few comments focusing on some interpretative statistical issues suggested by
the previous results.

2 Mixtures of Laws of Markov Chains With
Discrete State Space

2.1 Main Result

Let (2, F, P) be a probability space, S be a countable set endowed with its
power set o-algebra S, and let X = (X,,),>0 be a discrete time S-valued
stochastic process defined on €2. To any such process one can associate its
V-matrizc V = (Vs )ses,j>1, where Vj; is the value of the process (successor
state) immediately after the jth visit to state s. In order to avoid having
rows of finite length, we introduce a new symbol 0 ¢ S and, if a state s
is visited only a finite number of times k, we put Vy; = 0 for 7 > k. All
the X,,, on the other hand, are S-valued. The main theorem of the present
section is that the law of X is a mixture of distributions of recurrent Markov
chains if and only if the V-matrix is partially exchangeable. It turns out
that to obtain uniqueness of the mixing measure, one has to enlarge the
state space S to S* = S U {0} and consider mixtures of laws of Markov
chains on state space S*. In any case, it is assumed that P(X € S®) = 1.
Let T be the subset of transition matrices on S* for which 0 is an absorbing
state, equipped with the Borel o-algebra which corresponds to the topology
of elementwise convergence, and let us write ¢(s,z) for the (s,z) element of
the generic ¢ in 7. In order to avoid conditioning on the initial state of
the process, we assume that X starts in a specific state ;. In the common



treatments of Markov chains on a countable state space, it is customary to
drop those states which are not accessible from the initial state. In the present
setting, this is no longer feasible, since the different transition matrices in
the mixture may have different sets of accessible states. Yet, as far as the
distribution of a Markov chain or a mixture of Markov chains is concerned,
the transition probabilities from any inaccessible state are totally irrelevant
(see also Example 2). Therefore, in order to achieve uniqueness of the mixing
measure, one needs to enforce some restrictions on its support. Consider a
measurable set K of T* such that for every ¢t € K there is a set A; C S*
satisfying

KD1. zp € Ay, 0 € Ay;
KD2. t(z,y) =0if z € A; and y ¢ Ay;
KD3. t(y,0) =1if y ¢ A,.

Within the setting of Theorem 1 below, A; can be viewed as the set of
the states that are accessible to a Markov chain starting at xy and whose
evolution is regulated by the transition matrix ¢.

Theorem 1. The V-matriz of X is partially exchangeable if and only if there
is a random element t of T* such that

(a) P(Xy=a1,...,Xn =1, | ) = t(z0,71) .. . t(wp_1, T7) a.s.-P;

(b) P(X, =10 i0.|f)=1 a.s.-P;

(c) P(t € K) =1 for a measurable set K satisfying KD1-KD3.
Moreover, t is unique in distribution.

Roughly speaking, the theorem says that X is a recurrent Markov chain,
conditionally on its random transition matrix, if and only if its V-matrix
is partially exchangeable. The proof of Theorem 1 can be deduced from
Theorem 7 in Diaconis and Freedman (1980a), applying the results of the
next section, which states the equivalence between partial exchangeability
of V' and the assumptions made by Diaconis and Freedman. However, we
think that a more elementary and direct proof, as the one given below, may
be of some interest. Given any (z,z1,...,1,) and (2/,2},... ,2.) in S

n
write (z,21,...,x,) ~ (2',2),... ,2)) if z = 2’ and the two vectors contain
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the same number of transitions from u to v for any v and v in S. Lemma 1
below will be used in the proof of Theorem 1. Its meaning is clarified by the
following example.

Example 1. Let S = {0,1} and (so,.--,s10) = (0,0,1,0,1,0,0,1,1,0,1).
Consider the set of all sequences (xg, z1,...) € S® such that (zog,...,z10) =
(s0,---,810), and observe that a matrix V is consistent with this set if and
only if Vo1 =0, Voo =Voz =1, Vou =0, Vo5 = Vo =1, Vi1 = Vip =0,
Vig =1, V14 = 0. Interchange V;4 and Vi and describe the set of all se-
quences (0,z1,...) € S which are consistent with the new matrix. This set
consists of all sequences (0,0,1,0,1,0,1,1,0,1,x9, 211, ... ), and the longest
string (sg, ... ,sy) determined in a unique manner by the new matrix be-
longs to S'°: (s(,...,84) # (So,---,810)- On the other hand, all permu-
tations of any row, which leave V6 and V; 4 unchanged, behave otherwise.
For instance, the set of all sequences (0,z1,...) which are consistent with
a matrix V' such that Vg, =1, Vi, = Vi3 =0, Vi, = Vo5 = Vi = 1,
Viip =0, Vi, =1, Vi3 = Vi, = 0is the set of all sequences satisfying
0,z1,...,210) = (0,1,0,0,0,1,1,0,1,0,1), and this vector is apparently
equivalent to (s, ..., Sig)-

Lemma 1. Let sq,...,s; be the distinct elements of (xg,...,Tm 1) € S™,
with m > 2.
(a) There are unique n; and vs, 1,...,Vs;n, in S (i =1,...,k) such that

k n;
{Xo =20, ., Xpm = Zm} = {Xo =20} N[ [ {Vari = Vsri}-

i=1j=1

(b) For each permutation o; of (1,...,n;) with o;(n;) =mn; (i = 1,...k),

!

there is a unique vector (x',...,z..) for which

k n;
{XO = .’L'()} M ﬂ ﬂ{‘/;hj = Usi,ai(j)} = {X() = CC(),Xl = 37,1, P ,Xm = ‘,L.;n

i=1j=1

and (T, X1y -y Tm) ~ (To, T4, ..., Z},).

}



Proof. 1t suffices to prove (b), since (a) is obvious. No generality is lost
by assuming that x,, = b, where b could be different from each s;. De-
fine ¢ = (zo,2},...,2.,,) to be the longest string determined by the array
{(Vsi,0501) - - -+ Vsiyou(my)) 24 = 1,...,k}. See Example 1.

First we prove that z;,, = b. In fact, if 2, = s; # b, we would have

C= (0,155, Usjo;(1)s - - - Usjooj(ny)s - - - » S5) With Vg, 5(n;) = Vs, n; F S; since
T = b # s;. Thus, ( would contain (n;+1) terms s;, a flagrant contradiction
when 2, = b # s;. Then z]_, = b, and vectors ¢, (2, ..., Zn,) have the same

number of b’s.

Now we have to extend the last assertion to all s; # b. To this aim define
A to be the set of all s; # b satisfying Y, _ It (2),) = n; with ) = .
Thus, if some s; # b does not belong to A, there is ¢ in {0,...,m — 1} such
that ¢ = max{j : 0 < j < m — 1,2; ¢ A}, which entails xg11 = vy 1n,, €
A. Since there is j such that z, = s; ¢ A, then 71 = v, € A, a
contradiction. Therefore, s; € A for any s; # b, too. Thus, r + 1 = m and

(o, 2,y xl) ~ (o, T1y ooy T O

Proof of Theorem 1.
Let us prove the “if” part of the theorem first. Consider the events

k n;
E = ﬂ ﬂ{VS’w] = ,USiyj}’
i=1j=1
k n;
El = ﬂ ﬂ{‘/;u] = ,US,L',O'i(].)}J
i=1j=1
with k € N, s1,...,5, € 5, ny,...,np € N, v, 5 in §*, 0; a permutation

of (1,...,n;), (i=1,...,k). Since (a) and (b) imply that no state can be
visited by X a finite number of times only, for every s € S

UVin=0}={Vin=0}  as-P,

n>1 n>1

and we can limit ourselves to consider vy, ; in S for all ¢ and j. Moreover,
there is no loss of generality in assuming that o;(n;) =n; (i =1,... k). In
this case there is a countable set of pairwise disjoint events e, of the type
{Xo = 20, X1 = 214,...,X,, = z,,0} such that E = Ue, and, by (a) of
Lemma 1, each e, admits an expression €; in terms of elements of the V-
matrix. Let o(é;) be the result of the application to €, of the permutations
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o; which map F into E'. Then E' = Uo (&), with (&) No(&y) = 0 if £ # m.
From (b) of Lemma 1, each o(é;) admits a unique representation of the

! ! ! :

type e = {Xo = 20, X1 = 24 4,..., Xy, = 7, ,} With (zo,Z1¢,... Ty, 0) ~
! !

(zo, ¥4 45+, 7, ). Thus

P(E) = Y P(e)
V4
= Y P(e)
V4
= 3" P(o(&)) = P(B).

To prove the “only if” part, let d, be the degenerate probability measure
defined by 6,({z}) = 1, x € S*. By de Finetti’s representation theorem for
partially exchangeable random variables we have that, for every s € S,

R
nli)rgo - Z;(SVW. =0, a.s.-P,
1=

where the limit appearing in the left-hand side is in the topology of weak
convergence. Moreover, conditionally on # = (f;)scs, the random variables
V,,; are independent with

k n; k n;
P(ﬂ ﬂ{VSi,j = Usi;j} | 9) = HHesz’(USi,j)a
i=1j=1 i=1 j=1
for every k € N, s1,...,8 € S, n1,...,n; €N, and vy, ; in S*. Define ¢ by

setting (s, ) = 0, for every s in S. Then, a.s.-P,

P(Xlz.’,ﬁl,...,Xn:.fEn‘E)
k n;

= P(ﬂ m{VW = Usz‘,j} | g)

i=1j=1



where s1,..., s, are the distinct elements of (zg,...,z,). To prove (b), it
is enough to show that if V' is partially exchangeable, then z, is a recurrent
state. We have the inclusions {X,, = z¢ 1.0.}¢ C {0, = 05} C {6.,(9) > 0}.
Therefore

P(X1 € S) = E(P(Xl S | 0:60))
= E(04,(5))
— 1— E(6.,(9)) < 1

unless FE(6,,(0)) = 0. Hence, 6,,(0) = 0 almost surely. In order to prove (c),
define IC to be the intersection of the three sets

{t 2y tM(@o, o) = oo},

ﬂ {t (if Y, 1" (xo,2) =00 and ), t"(zg,y) < oo, then t(z,y) = 0},

TES,yeS*

ﬂ{t (if Y t"(wo,y) < 00, then t(y, 0) = 1},

yeS

where t" is the n-step transition. The set I is measurable and, with A; =
{z € S: > t"(xg,2z) = oo}, it satisfies KD1-KD3. From the definition of ¢
and part (b), one can easily see that ¢ belongs to IC almost surely. O

Since in Theorem 1 the distribution of X is determined by the values of
t(u,v) for u,v € S only, one may wonder if it would be possible to obtain an
analogous result considering a random transition matrix from S to S (instead
of S*). The example below shows that uniqueness is not guaranteed in that
case.

Example 2. Let S = {1,2}, P(X, = 1) = 1 and let 7 be a random transition
matrix on S*, whose distribution is defined by

P({#(1,1) € dz, 7(2,1) € dy}) = ad(dz)v1(dy) + (1 — a)we(dz dy),

where o € (0,1) and the support of 1, is included in [a,b] x [0,1] with
0 < a<b<1. Suppose that

P(Xl =1,... aXn =, ‘ f) = f(l,xl)f(xl,mg) “. 7:(./1','”_1,xn) a.s.-P



for every n and zq,...,x, in S. One can define another random transition
matrix 7; as follows:

fl(u’v):{z ifu=2v=1and#(1,1) =1

7(u,v) otherwise

where Z is any random variable defined on (2, F, P) with support included
in [0, 1]. The distribution of 7 is

P{7(1,1) € dz, 71(2,1) € dy}) = ad(dx)vZ (dy) + (1 — @)va(dz dy),

where v{ is the distribution of Z. Consider two Borel sets B; and By of R
and the events A; = {7(1,1) € By} and Ay = {71(2,1) € By}. Denoting
with n;; the number of transitions from 7 to j in the string (1,21,...,2,),
one has

/ ’Fl(l,xl)’lzl(.fl,ﬂﬁg)...fl(.Tn,l,.fEn) dP
A1NAs

:/ [ G, 5)" apP
AlﬂAQQ{F(l,l)

=1} )
+ (71(3.)™ 4P
A1NAan{7(1,1)#1} i,
+ / 116, 3)" ap
{#(1,1)eB1 }n{7(2,1)e B2 }N{7(1,1)#1} i
=P{Xi==1,... . Xn =2} N A1 N Ay N {7(1,1) = 1})Tj0}(n12)
+P{Xi=21,..., Xy =z} N AN AN {F(1,1) #1})
:P({Xl = T1y--- ,anxn}ﬂAlﬁAQ)

This proves that
P(Xl =21,...,X, =T, ‘ fl) = fl(l,il)fl(ﬁl,.’bz) .. .fl(.fn_l,.fn) a.s.-P
Note that almost surely P(X,, = z i.0. | 7) = P(X,, = x¢ i.0. | 71) = 1.

Hence the representation of X as a recurrent Markov chain conditionally on
its transition matrix is not unique. The unique random transition matrix ¢



on S* of Theorem 1 is in this case

(|7(1,1) #(1,2) 0
7(2,1) 7#(2,2) 0| ifF(1,1)#1
. 0 1
t , ” =< £ =
[#0)] s, 7(1,1) 7(1,2) 0
0 0 1| ifF(1,1)=1
(L O 0 1]

O

2.2 On the Relationship Between Partial Exchange-
ability and Freedman Condition

The S-valued process X, defined on (2, F, P), is said to obey Freedman
condition if

P(Xo=x0,.. ., Xn=12,) = P(Xo =xp,...,Xn =1})

whenever (xg,...,z,) ~ (24, -..,20), n =1,2,.... In the present subsection

1Yn
we give a detailed account of the relationships between Freedman condition
and partial exchangeability of the V-matrix of X. The main result is that
the latter is a stronger condition than the former, but the two are equivalent
under the assumption of recurrence. Before proceeding we need another
definition. For any z € S, let A, = {X,, = z i.0.}. We say that X is strongly

recurrent if

n

P(ﬁ{xj = xj}) = P(ﬂ({Xj = 2,}N ij)) a.s.-P

for every n and zy,... ,x, in S. Any state is visited by a strongly recurrent
process either infinitely many times, or never. The term recurrent will de-
note a process satisfying the weaker condition P(Ax,) = 1, which under our
assumptions can also be written as P(A,,) = 1.

Remark 1. If either one of the conditions

(a) V is partially exchangeable,

10



(b) X is strongly recurrent,

is satisfyed, then for every s € S

U{Vsm =0} = ﬂ{Vsn =0}  as.-P.

n>1 n>1

Theorem 2. The V-matriz of the process X is partially exchangeable if and
only if X is recurrent and satisfies Freedman condition.

The proof of the theorem is set out as a sequence of lemmas: the first
two prove the “only if” part, while the remaining two prove the “if” part.

Lemma 2. If V is partially exchangeable, then X is strongly recurrent.

Proof. Consider the event {Xy = x9, X7 = z1,..., X411 = Zpy1}. On this

event, almost surely, the rows of V' corresponding to zy, ... ,x, contain no
0, hence those states are visited infinitely many times. Marginalization over
the value of X, gives the result. 0

Lemma 3. If V is partially exchangeable, then X satisfies Freedman condi-

tion.
Proof. Consider (zg,x1,...,2s) ~ (xo,2},...2),) and let s1,..., s be the
distinct elements of (zg, 1, ... ,Zn—1). Then there exist ny,... ,ng, v, ;in S
and permutations oy, ... , o0 such that
k n;
{(Xo=z0, X1 =21,..., Xy =2} = |[ {{Vers = vsri}s
i=1j=1
k n;
{XO = anXl = xll’ s >Xn = ‘r;z} = ﬂ m{v;’i,j = Usi,a'i(j)}'
i=1j=1

Since the probability of the events on the right-hand sides are equal, the
claim follows. O

Lemma 4. If X is strongly recurrent and satisfies Freedman condition, then
V' s partially exchangeable.

Proof. Using Remark 1, the main argument used in the proof of the “if” part
of Theorem 1 carries over to the present setting. O

11



Lemma 5. If X s recurrent and satisfies Freedman condition, then it is
strongly recurrent.

Proof. Since P(X, = xy) = 1, the proof of the “if” part of Theorem 1 can be
paraphrased to show that the random elements (V,n)n>1 are exchangeable.
Thus, letting A* = {f,,(x1) > 0} and using Cantelli lemma, we can write

P(X1 = 371)

I
"U

( z0,1 = 371)

(O (21)Ta+)

(La+ P({Vior = 21} N { Vi = 1 1.0.} | 010))
(P({Vioq = 21} N {Vign = 21 1.0.} | ﬁxo))
=P{Vipqp = 21} N {Vaon = 21 1.0.}),

which implies {X; = 21} C {Vgon = 21 1.0.} C Ay, a.s.-P. Therefore, the
definition of strong recurrence is satisfied with n = 1. Suppose, inductively,
that it holds for a fixed but arbitrary positive integer v. Consider z1,... , T,
such that P(X, = z,...,X, = z,) > 0. Let P¥() = P(-n{X; =
1., X, =12,})/P(X1 =21,...,X, =1,) and X = X, 1n. Then under
P®) the process X*) starts at z, at time zero and

E
E
E

P({Xlle,... ,Xuzx,,}ﬁAmy)

P(V) X(V): I/" L) = :1
(X" =z, 10 P(X,=a1,..., X, = a,)
by the inductive hypothesis. Moreover, if (z,,...,Zy4n) ~ (25, ... ,25,4,),
then (o, ..., %y, . Tpin) ™~ (mo,... &y, 2, ) and P(")(Xéy):x,,,... ,
XY =z, = P”)(X(") 2, ... XY = 2 ,.). Hence, under P®,

X® is recurrent and satisfies Freedman condition. From the first part of
the proof, one has that {X") = z,,,} ¢ {X") = z,.,} N A,,,,, a.s-P®.
This 1mp11es that P(X1 = T1,.-- ,XU+1 = xu—l—l) = P({X1 =T1,.-. ,X,,+1 =
-Tu-i—l} N A$u+1)' O

It is not difficult to show that without recurrence, partial exchangeability
of V is stronger than Freedman condition. For example, let S = {0, 1,2},
zo = 0, and let P satisfy P(X, = 2) =1forn > 4 and P(X; =1, X, =
0,X3=0)=P(X1=0,Xo=1,X5=0) = % Then Freedman condition is
satisfied, but the V-matrix of X is not partially exchangeable, since

1

5=P(VE),1:1,V0,2=0,V6,3:2)76P(V0,1=1,VE),2:2,V0,3=0)=0-

12



.From Theorem 1 and the equivalence result of the present subsection,
one can easily reobtain the following result of Diaconis and Freedman (1985).

Theorem 3 (Diaconis and Freedman). The process X satisfies Freedman
condition and P(Xy = x¢ i.0.) = 1 if and only if there is a probability measure
u on the set of all transition matrices on S such that:

(a) p({r : zo is recurrent w.r.t. r}) =1,

(b) for everyn >1 and x1,... ,x, in S,

Py =1y X =) = [ 1(a0,1) 1t 0) ().

3 Mixtures of Laws of Markov Chains With
Uncountable State Space

3.1 Mixtures of Laws of Markov Chains with Atomic
Kernels

A representation theorem analogous to the one presented in Section 2 can
be given also in the case of a process with continuous state space. We start
by reviewing the definitions contained in the beginning of that section, mod-
ifying them as needed in the more general setting. Let S be a Polish space
with Borel o-algebra S. Moreover, let S* = S U {0}, with 9 ¢ S, and let
S* be the o-algebra generated by S and {0}. X = (X,,)n>0 is an S-valued
discrete-time stochastic process defined on (92, F, P), with X, = ¢ for some
xg € S. In order to exploit de Finetti’s theorem for exchangeable random
variables, we consider a discretization of the state space. Accordingly, the
definition of the V-matrix of the process has to be slightly generalized. Con-
sider a countable measurable partition of S*, £ = {E;}i>o, with Ey = {0},
and assume, without loss of generality, that zo € E;. For any positive integer
J, consider the sequence (v;,)n>1 of visiting times of X to E; and, for j and
n in N, define the (j,n) element of the V-matrix of the process X, relative
to £, to be the value of X immediately after the nth visit to Ej:

‘/},TL == Xllj,n—kl'

As we did in Section 2, we put V;, = 0 whenever v, = co. Let T be the set
of all kernels from Ny = NU {0} to S*, endowed with the smallest o-algebra

13



that makes all the maps t — t(n, A), n € Ny, A € §*, measurable. One can
associate to any element ¢ of 7* a transition kernel on S* by setting

ki(z, A) = Tg,(2)t(5, A).

320

In order to achieve uniqueness of the mixing measure in Theorem 4, we
restrict its support to a measurable set IO C T™ of transition kernels ¢ for
which there is a set A; C Ny satisfying

KC1. 1€ Ay, 0 ¢ Ay
KC2. t(k,E;) =0ifk € A, and j ¢ Ay
KC3. t(j,{0}) = 1if j ¢ A,.

Theorem 4. TheV-matriz of X is partially exchangeable if and only if there
is a random element t of T* such that

(a) P(X, €By,...,Xp, €B, | 1)
= [p, - [, Fi(wo, dz1)ky(21, dzs) . . . ky(2 1, dy) a.8.-P;
(b) P(X, € Eyio.|t)=1 a.s5.-P;
(c) P(t € K) =1 for a measurable set K satisfying KC1-KC3.
Moreover, t is unique in distribution.

The proof of the theorem is based on three lemmas, essentially dealing
with various properties of the discretized version of the process X defined by

Vo= jlg(X,), n=01,....

>0

Note that the results of Section 2 apply to Y, and the sequences of visiting
times of X to E; and of Y to state j coincide for every j.

Lemma 6. Let i,j € Ny, B€ S and A € o{X1,..., X0 1,Yn, Xpy1,.-- }-
If (a) of Theorem 4 holds then, on the set {w : t(i, E;) > 0},

PAN{Y, 1 =i} N {Yy = j}n{X, € B} | }
:E(iaB | Ej)P(Aﬂ {Yn—l = i}ﬁ {Yn :.7} | 7?)

almost surely, where (i, B|E;) = (i, BN E;)/t(i, E;).
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Proof. 1t is enough to consider A = {(X1,... , X,—1) € C}{(Xns1,- -, Xnsk) €
D}. We have

P(X1,..., Xn 1) €C, Y 1=0,Y,=5,X, € B,(Xps1,--., Xn4x) €D | 1)
_ /C el dan) Rt )T )G, B 0BG, dii)
ki(Xnat1, dxnao) -« - ki(Tnik—1, dTnik)
=1(i, B | E;) /C><D ki(zo,dzy) ... ki(zn o, dzn 1)1g, (T0 1)t(, E))

E(], dxn—l—l)kf(xn—l—l; dxn—l—?) o k{(xn—kk—la d-Tn—I—k)
t(i, B| Ej)P(AN{Yoo1 =i} N {Ya =4} | 1)

]
Lemma 7. Let j,n,s € N and B € §*. Then, if (a) of Theorem 4 holds,
{‘/j,n € B} N {Vj,n 7£ S} € O'{Xl, e ,XS,}/;+1,XS+2, e }
Proof. Write the event above as
U{Xt+1 €B,X; ¢ Ej’ZOSmSt Ip;(Xm) = n}
t#£s
I
Lemma 8. Let j,ny,...,n; € N, A;, € S (1 =1,...,5,k =1,...,n),

¢:N* - N. If (a) of Theorem 4 holds then, on the set {w : t(i, Eyx)) >
0,i=1,...,5,k=1,...,n},

P(Viy€ AiiNEyaay, -, Ving € Ajn; N By | 1)

J ng
=P(Vi1 € Eyupy,--- 5 Vin, € Eyjny) | 1) H Hf(i; Aik | Ediry)

i=1 k=1
almost surely.

Proof. Using Lemma 6 and Lemma 7, we have that

P(Vl,l € Al,l M EZ(I,I), .. ,V},nj € Aj,nj N Eé(j,nj) | tN)

= ZP(%J € Al,l ﬂEg(l,l),... ,Xs € Ej,

s=1
Xst1 € Aj,nj N Ee(j,nj), Vin; = 8 | E)
=1, Ajm,; | Buijmp))P(Vig € Aia N Ey),- -+ Vi, € By | T)

15



The result is obtained by iterating the procedure. O
We are now ready to prove Theorem 4.

Proof of Theorem 4. We prove the “only if” part first. By de Finetti’s repre-
sentation theorem for partially exchangeable random variables we have that,
for every r € N,

1 n
lim — oy.. =0, a.s.-P.
Jim, 20,

Moreover, conditionally on 6 = (6,),cn, the random variables V; ; are inde-
pendent with

k n;

k n;
P {Veis € A7} 0) =TT T 0 (A7),

i=1j=1 i=1 j=1

for every k,rq,... 7%, n1,...,n, in N, and Ag-”) in §*. Define ¢ by setting
t(r,-) = 0, for every r in N. To prove (a) assume, without real loss of
generality, that B; C E,, for some integers ry,...,7m,. If a1,...,a; are the
distinct elements of (1,71, ... ,ry,), the event {X; € By,... , X, € B,} can be
expressed as ﬂi:l,...,k ﬂjzl,___’nj{%i,j € By, )} for some integers nq,...,ng
and s : N X N — N. Therefore,

P(X,€By,...,X, € B, |t)

= I I #a By

i=1,0 sk j=1,..

= / . / ki(xg,dxq)ki(x1,dxs) . . . k(2 1, dxy,)
B n

almost surely. This proves (a). Part (b) and (c¢) can be obtained from (b)
and (c) of Theorem 1 applied to the discretized process Y.

To prove the “if” part, observe that, given £, Y is a recurrent Markov
chain with transition probabilities #y (i, ) = (i, F;), i,j € N. Theorem 1
can be invoked to show that the V-matrix of YV is partially exchangeable.
This, together with Lemma 8, concludes the proof of the “if” part. O

16



3.2 Mixtures of laws of Markov chains with atomic
kernels. A few additional results

The results proved in the previous subsection can be extended to the more
general setting of a stochastic sequence (X,Y) = ((X,,Ys))n>o defined on
(2, F, P), where X,,, Y,, take values in Sp and Ny, respectively. Here, (vj)n>1
is meant as the sequence of visiting times of ¥ to j, and the (j,n) element
of the V-matrix of (X,Y) is the value of X immediately after the nth visit
of Y to j: Vj, = X,,, 41, with the usual proviso that X, = 0. For the sake
of simplicity, we keep the hypothesis that X, = x;, and we will focus on

probabilities P satisfying the following conditions:
(i) P(X € §%) =1,

(i) Y, and (Xo, Yo, ..., Xpn-1, Yn—1, V) are conditionally independent given
X, for every n > 1, and Y, and V are conditionally independent given
Xo;

(iii) there is a kernel s from Sy to Ny such that P(Y, = y|X,) = s(X,,y)
holds a.s.-P for each n > 0, with s(z,N) = 1 for every x € S and

5(0,) = do(*)-

Preserve the definition of 7™ given in Subsection 3.1 and, for each ¢t € T*
introduce the following transition kernel on S*

ki, A) = ) s(a,y)t(y, A).

To pave the way for an extension of Theorem 4, assume that there is a
T*-valued random element ¢ such that

P{Yo=yo, ., Yo=Yy, X1 €AL,.... X, €A, |t =1t}

=S(~’C0;yo)H/A $(Tr, Yr )t (Yr—1, dzy)
r=1 T

holds for every tin T*, A;,..., A, in Sy and vq, . . ., ¥, in Ny. It can be shown
that there is a countable class of measurable, pairwise disjoint subsets of S:
Ei 4, Eoy, ... such that: t(y, E;:) = 1 for each y in R;; and t(y,d) = 0 for all
Y € Up>1Egy, s(z, Riy) =1 for every z € Ej.

17



In view of these remarks and in order to achieve uniqueness of the mixing
measure also in the present setting, consider for each y; € N a measurable
set IC;O C T of transition kernels ¢ for which there are measurable set FE;
and a set R; satisfying

KG1. Xg € Et, 0 Q Et, Yo € Rt, 0 ¢ Rt,
KG2. t(k, E;) = 1 for every k in Ry;
KG3. t(k,{0}) =1if k & R;.

By paraphrasing the arguments employed in the previous subsection, we
obtain the following proposition.

Theorem 5. Let P obey (i).
If the V-matriz of (X,Y) is partially exchangeable and P satisfies (ii) and
(iii), then there is a T*-valued random element t such that

(a) P(X, € By,..., X, € B, | )
= fBl fB 330,(11331 k (l‘l,dﬂfg)...k;(l‘n_l,dxn) a.s.—P;

(b) P(Ay, = +00) = 1;

(c) Pt € K}, | Yo = o) =1 for a measurable set K, satisfying KG1-KG3,
and for any yo € N.

Moreover, t is unique in distribution.

Conversely, assume that (a) holds for ki with s such that s(z,N) =1 if
z €S, and s(0,-) = 0o(-). Then, there is a stochastic sequence (Yy)n>o of
Ny -valued random elements, for which

P(}/E):yOa"'7Yn:ynaX1€Bla-"7Xn€Bn‘£)

l‘anO H/ xﬁyT yT 1,d$r)

Moreover, if (b) and (c) are valid for these Y, then the resulting V-matriz
is partially exchangeable and s satisfies (ii)-(iii).

18



We omit the proof of this result. It is provided in the unpublished first
draft of the present paper. See Fortini et al. (1999).

Suppose that the assumptions of the second part of Theorem 5 are in
force. It is easy to verify that a possible choice of the Ny-valued random
sequence (Y},) is the following. Let Zy, Z1,... be a sequence of independent
random variables on (€2, F, P) with common uniform distribution on [0, 1].
For every n define

Ya(w) =y if Zn(w) € I;j(Xn(w), Xni1(w), t(w))
Y,(w) =0 otherwise,

where

Li(w,y,t) = [00) s, ) fia(y), X0 s(2,0) fia(y)] j€{2,3,...}
Li(z,y,t) = [0,5(z,1) f12(y)]

t(i,dy)
k} (z,dy)

and f;, is a version of the Radon-Nikodym derivative
in [0, s(z,7)] whenever s(z,4) # 0.

taking values

3.3 Approximations of Arbitrary Mixtures of Laws of
Markov Chains. Partial Results.

Let A C S5 denote a countable convergence-determining class [see Section 2
in Billingsley (1999)] and let P denote a sequence of countable partitions of
So: T = {Eomn, E1p,y...},n > 1, with E;, € A for every j > 0 and n > 1,
such that 7, is a refinement of 7, for every n. Choose z;, € Ej;, for every
j > 0and n > 1. Now, suppose that M is any mixture of distributions of Sy-
valued Markov chains which have initial state zo, i.e. : M(:) = [, My(-)A(dy)
where: (I,Z,)) is some probability space and, for any y in I, M, is the
distribution of a Markov chain with initial state oy and transition probability
K, such that K,(z,S) = 1 for every x € S. In the sequel, we will assume
that zy € Fy, and set xp, = o for every n. Again, given any n > 1 and
y € I, we will define KZS") (x,-) = Ky(xjp,-) whenever x € E;,, (j > 0,n > 1)
and indicate by Mén) the Markov distribution on (S§°, §5°) with initial state
zo and transition probability K™ .

Theorem 6 proves that, in the presence of some additional conditions
for {K, : y € I}, M can be approximated by M™ := |, MM A(dy) in the

topology of weak convergence.
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Theorem 6. If, for A-almost all y, we suppose that

(a) x = Ky(z, A) is continuous for each A € A;

(b) sup; sup,eg, , [Ky(@, A) — Ky(zj5, A)| = 0 asn — oo, for every A € A,
then M™ = M as n — co. Moreover, if, besides (a)-(b) we have

(c) Zle Zjl jmj(y(:co, Ejn) ... Ky(zo, Ej,,_, n)=400 for A\-almost all y,

.....

then the elements of V™) are partially exchangeable.

Thus, any mixture of distributions of Markov chains, which satisfy (a)-
(c), can be thought of as the limiting law of a sequence of processes X ™)
which yield partially exchangeable matrices V(™ (with respect to suitable
partitions of Sy).

Before proving Theorem 6, we recall a simple fact about condition (c).
If (£&)u>0 is a Markov chain with initial state z and transition probability

K™ then the sequence (&,)v>0, defined by

61,/ = Z xj,nIEj,n (&)

320

for any v > 0, is a Markov chain with state space {zg, Z1n, Ton, .-}, initial
state zo and one-step transition probabilities kg(,") (Tim, Tjn) = Ky(Tin, Ejn)-
Hence, condition (c) is equivalent to recurrence of (£,),>o.

Proof of Theorem 6. In view of well known results on weak convergence on
product spaces, it suffices to prove that MZS") (Ap x---x A, xS) = My(A; x
<o x Ay, X SF) as n — oo, for every A, As,...in A, for every v and for A\-
almost all y [recall that A is countable]. In fact, for v = 1, the statement
holds true. Now, suppose that it is valid for some v > 1. Then,

| MM (Ag X -+ X Aygy X S3°) = My(Ap X -+ x Ayyr X S°)

<

/ KZS”) (2o, dxq) .. .Kgsn) (xy_1, dxu){KZS”) (@, Avi1) — Ky(zy, Avir)}
A

1><...><Au

_|_

/ KYS") (z0,dzq) .. .KZS") (-1, dzy) Ky (70, Aptr)
Ayl x-xAy
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—/ Ky(zo,dzy) ... Ky(zy—1,dz,) Ky(z,, Avir)| -
A1 x--xXAy,

The former addend is majorized by sup,cq K3 (2, Aysr) — Ky(z, Avin),
which, by (b), converges to 0 as n — oo, and the latter one converges to 0
from the inductive hypothesis and condition (a). Thus, Mgsn) = M, by the
induction principle.

To conclude the proof, it is enough to recall that (c¢) implies recurrence
of Ey,, for each n, and, then, invoke Theorem 4. O

It is not difficult to conceive different versions of the previous proposition.
For example, suppose that there is a o-finite measure y on (S,S) such that
Ky(z,-) < p(-) for A-almost all y and for p-almost all z, and indicate by
gy(z,-), g (z,-) versions of the derivatives of K,(z,-), KM (z,-), with re-
spect to p, respectively. Then, assumptions (a) and (b) in Theorem 6 could
be replaced by the sole condition:

@) [ lgy(z,s) — g?(,")(m,s)\u(ds) — 0 as n — oo for A-almost all y and

p-almost all x.

In fact, suppose that the inductive hypothesis

ﬁgy(xo, z1) ... gy(Ty_1, xy)—gg(/") (o, 1) - - .gz(l”) (xy_1,2,) | p(dzq) . . . p(dz,)—0

v

is valid. Then,

19y (%0, @1) - - 9y (@0, Tuy1) =g (0, 1) - - g5 (@, @) | () - - (A1)

Su+1

< / 9y(20, 1) - - - gy (Ty-1,70) /S |9y (@0, 2)=9y" (20, ) (@) p(dz1) . .. p(day)

v

+[ lgy(@o, 1) - . gy(mo1, ) =95 (20, 1) - .. ¢ (Tor, ) | u(dar) - . - p(day).

Sll

The former addend converges to 0 in view of (a)’ and the dominated con-
vergence theorem, while the latter goes to zero by virtue of the inductive
hypothesis.
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Example 3. As an application of the previous statements, consider the case
of a mixture of Markov laws with state space R, initial state £y = 0 and

transition probabilities: K,(z,A) = [, - 27r exp{

R and K,(0,-) = dy(-) for every o > 0. It is easy to Verlfy conditions (a)’ and
(c) when: Ey, = (-1/2",0], E1, = (0,1/2"], Es, = (—2/2",—1/2"],...,
Eymon—1ym = (=1, —n+1/2"], Eponi1_1 5 = (n—=1/2", 1], Epont1,, = (—n, 1]
T1p = 1/2", 9, = =1/2", ..., Tpont1, = —n. As a matter of fact, for any
fixed = and sufficiently large n, there exists k& < n2"™! such that z € Ej,,.
Therefore,

ﬁgg(x s)—g ")(:r s)|ds=( o\/_ /\ exp(— —exp(—(S il G k) )|ds

202

= o, (Tn "7

2(0V21) N (@p — ) < (0V21)71 /2" =0

as n — 0o, where ®, is the cumulative distribution function of the Gaussian
law with mean zero and variance 2.

Finally, to prove that (c) holds, define §, = > %15, ,(£) and observe
that, in our present case, (£,),>0 has a finite state space and strictly positive
one-step transition probabilities.

4 Concluding Remarks

According to de Finetti, exchangeability and partial exchangeability play an
important role in the reconstruction of the Bayes-Laplace approach to in-
duction and statistics from the subjective standpoint. In de Finetti’s view,
statistical inference must confine itself to considering objective hypotheses
on something that can actually be observed. This condition is necessary for
the phrase “to learn from experience” to have a real meaning when applied
to statistical methods. Therefore he suggests to replace the notion of “condi-
tionally independent and identically distributed observations, given the un-
known common marginal distribution” with that of exchangeability. In the
same spirit, the notion of “observations from a Markov chain, given the un-
known transition kernel” needs to be replaced by another involving observable
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events only, without any reference to metaphysical entities such as unknown
transition kernels or unknown probability laws. Partial exchangeability of
the V-matrix is such a condition. In fact the elements of the V-matrix are
observable and Theorems 1, 4 and 5 establish the equivalence with the usual
Bayesian formulation. Moreover, the three theorems show that the prior dis-
tribution of the transition kernel is determined by the limiting distribution
of the empirical processes associated to the rows of V. This suggests that to
elicit a prior distribution on the unobservable transition kernel one can think
of the distribution of the observable empirical processes when the number of
observations is large.

From a practical point of view, partial exchangeability of the V-matrix
may be assumed whenever one considers the last outcome before any obser-
vation as a relevant attribute of the observation itself and, in addition, once
observations are classified according to this attribute, time order becomes ir-
relevant. In particular, in the situation discussed in Section 3, the influential
attribute of each observation is not the actual value of the preceding outcome,
but: (a) its belonging to one of the elements of a distinguished partition of
the space state (see Subsection 3.1) or, alternatively, (b) the determination
of some (random) element Y;, associated with each observation X,,, for every
n, provided that each Y,, has countable range (see Subsection 3.2).
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